
 

EXTERNAL 
Cboe® European-Style Options Implied 

Volatility Calculation Methodology   
 
This document details a methodology used to construct a volatility surface from European settlement 

style options.  This volatility surface can be used to generate intra-day and end-of-day indicative prices 
for existing or hypothetical option series. 

Implied Volatility Calculation Method  

 

Implied Discount Factor and Forward Price 
 
For each maturity, we calculate the discount factor (DF) and the forward (F) by the following 

methodology: 
 

Using put-call parity, we calculate the implied forward price from the European-style call and put 
prices around the at-the-money strike. For each maturity, we select the strikes satisfying the following 

criteria: ATM – 8% to ATM + 8% and perform Linear Regression. 

 

For each maturity and each selected strike 𝐾𝑖 𝑖 ∈ {1,2, . . , 𝑛}, we define call(𝐾𝑖) and put(𝐾𝑖) as the mid-
price of the call and put options with strike 𝐾𝑖, respectively.  

 

Put-call parity states that for call and put options with the same strike and maturity: 

 
call − put =  𝑆 − 𝐷𝐹 × 𝐾 − 𝐷𝑖𝑣 

where:  

 S is the underlying index value; 

 Div is the discrete dividend amount; 
 

Using the put-call parity formula for each selected strike, we have the following linear model: 

 
Y =  𝛼 +  𝛽𝑋,   
𝑌𝑖 =  put(𝐾𝑖) − call(𝐾𝑖) − S 
𝑋𝑖 =  𝐾𝑖 
 
We perform linear regression to fit this model. The ordinary least squares estimation gives us: 

 

𝛽 =  
Σ(𝑋𝑖 − 𝑋)(𝑌𝑖 − 𝑌)

(𝑋𝑖 − 𝑋)2
 

𝛼 =  𝑌 −  𝛽𝑋 
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where:  𝑋 =
∑ 𝑋𝑖

𝑛
, 𝑌 =

∑ 𝑌𝑖

𝑛
 

 
Given:  

 
𝐷𝐹 = 𝛽 
𝐷𝑖𝑣 = 𝛼 

𝐹𝑜𝑟𝑤𝑎𝑟𝑑 𝑃𝑟𝑖𝑐𝑒 = 𝐹 =
𝑆 − 𝐷𝑖𝑣

𝐷𝐹
 

 
As the maturity of the option, T, will not generally be a listed maturity, we must now interpolate the 

discount factor and forward. We select T1 and T2 as the closest maturity less or equal to T and the closest 
maturity greater to T, respectively 

 

𝐷𝐹𝑇 =  𝐷𝐹1 +
𝐷𝐹2 − 𝐷𝐹1

𝑇2 − 𝑇1
 × (𝑇 − 𝑇1) 

𝐹𝑇 =  𝐹1 +
𝐹2 − 𝐹1

𝑇2 − 𝑇1
 × (𝑇 − 𝑇1) 

 

Calculation of Implied Volatility 
 

The implied volatility (V) for each maturity and strike level is calculated by equating the Black-Scholes 

formula to the observed option price from the market and the implied forward price calculated in the 

section above. For each maturity,  
 
|𝑀𝑜𝑑𝑒𝑙 𝑃𝑟𝑖𝑐𝑒𝑖 − 𝑂𝑝𝑡𝑖𝑜𝑛 𝑃𝑟𝑖𝑐𝑒𝑖| < 𝑇𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 
 
 

 
For the call, 

 
𝑀𝑜𝑑𝑒𝑙 𝑃𝑟𝑖𝑐𝑒(𝐹, 𝐷𝐹, 𝑇, 𝐾, 𝑉)𝑖 =  𝐷𝐹𝑖 × (𝐹𝑖  × 𝑁𝑜𝑟𝑚(𝑑1) − 𝐾𝑖 × 𝑁𝑜𝑟𝑚(𝑑2)) 
 
For the put, 

 
𝑀𝑜𝑑𝑒𝑙 𝑃𝑟𝑖𝑐𝑒(𝐹, 𝐷𝐹, 𝑇, 𝐾, 𝑉)𝑖 =  𝐷𝐹𝑖 × (𝐾𝑖  × 𝑁𝑜𝑟𝑚(−𝑑2) − 𝐹𝑖 × 𝑁𝑜𝑟𝑚(−𝑑1)) 
 

where: 
 

𝑑1 =  
𝐿𝑁 (

𝐹
𝐾) +

𝑉2

2 × (𝑇 − 𝑡)

𝑇2 − 𝑇1
  

𝑑2 =  𝑑1 − 𝑉 × √T − t 
 

And: 
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𝑁𝑜𝑟𝑚(𝑥) =
1

√2𝜋
∫ 𝑒

−𝑢2

2

𝑥

−∞

𝑑𝑢 

 
 

Smile Interpolation and Extrapolation   
 
To calculate the implied volatility for a non-listed strike and a non-listed maturity, we utilize two 

different techniques for smile interpolation and extrapolation: (i) the spline interpolation for smile 
interpolation and (ii) the classical SABR model for smile extrapolation.  

 

Spline Interpolation   

 
The spline interpolation is used for the strike range 𝐾−≤ 𝐾 ≤ 𝐾 +, and the expiration range 𝑇−≤ 𝑇 ≤
𝑇 +.  We use a cubic spline interpolation in total implied variance space.  This is a method to 
interpolate unknown values between given points using piecewise third order polynomials. The idea 

is to fit a piecewise function of the form: 

 

𝑓(𝑥) = {

𝑓1(𝑥)        𝑥1 ≤ 𝑥 <  𝑥2

𝑓2(𝑥)        𝑥2 ≤ 𝑥 <  𝑥3

…
𝑓𝑛−1(𝑥)   𝑥𝑛−1 ≤ 𝑥 <  𝑥𝑛

 

𝑥 =  𝐾 
𝑓(𝑥) =  𝑉(𝐾) 
 

For each 𝑓𝑖 is a third-order polynomial defined by: 
 
𝑓𝑖(𝑥) =  𝛼𝑖𝑥3 + 𝛽𝑖𝑥2 + 𝛾𝑖𝑥 +  𝛿𝑖   
𝑓𝑖(𝑥𝑖) =  𝛼𝑖𝑥𝑖

3 +  𝛽𝑖𝑥𝑖
2 +  𝛾𝑖𝑥𝑖 + 𝛿𝑖 =   𝑓𝑖−1(𝑥𝑖) 

 

Next, we make the first and second derivatives agree at each adjacent points. 
 
𝑓𝑖

′(𝑥) =  3𝛼𝑖(𝑥 − 𝑥𝑖)2 +  2𝛽𝑖(𝑥 − 𝑥𝑖) + 𝛾𝑖 =  𝑓𝑖−1′(𝑥) 
𝑓𝑖"(𝑥) =  6𝛼𝑖(𝑥 − 𝑥𝑖) + 2𝛽𝑖  =  𝑓𝑖−1′′(𝑥) 
 

Now, we have 4(n-1) coefficients and 4(n-1) equations, therefore, from basic algebra, we could derive 
the coefficients, and the volatility between known implied volatility. 
 

SABR Model   
 

The SABR model extrapolates the smile for 0 ≤ 𝐾(𝑇) ≤ 𝐾(𝑇) − (left extrapolation) and 𝐾(𝑇)+< 𝐾(T) 
(right extrapolation). 
 

The SABR model was introduced as a simple class of stochastic volatility processes for the underlying. 
Given traded and liquid options, we fit the SABR model on the observed smile and estimate the 

parameters. Using these parameters, we can estimate implied volatility to price at various points on 
the volatility surface. 
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The SABR model assumes that the forward rate and the instantaneous volatility are driven by two 
correlated Brownian motions: 

 

 𝑑𝑓𝑡 = 𝛼𝑡𝐹𝑡
𝛽

𝑑𝑊𝑡
1 

𝑑𝛼𝑡 = 𝜐𝛼𝑡𝑑𝑊𝑡
2 

𝐸[𝑑𝑊𝑡
1𝑑𝑊𝑡

2] = 𝜌𝑑𝑡 
 

where: 
 

 𝛼 is the instantaneous vol; 

 𝜐 is the vol of vol; 

 𝜌 is the correlation between the Brownian motions driving the F and the 𝜐; 

 𝛽 is the leverage effect; 
 
The formula that the implied volatility must satisfy is: 

 
|𝑆𝐴𝐵𝑅 𝐼𝑚𝑝𝑙𝑖𝑒𝑑 𝑉𝑜𝑙 − 𝑂𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝐼𝑚𝑝𝑙𝑖𝑒𝑑 𝑉𝑜𝑙| < 𝑇𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 
 
𝑆𝐴𝐵𝑅 𝐼𝑚𝑝𝑙𝑖𝑒𝑑 𝑉𝑜𝑙(𝑇, 𝐹, 𝐾, α, β, ν, ρ)

=  
𝛼𝑧

𝜒(𝑧)𝐹𝐾(1−𝛽)/2
(1 +

(1 − 𝛽)2(𝐿𝑛𝐹/𝐾)2

24
+

(1 − 𝛽)4(𝐿𝑛𝐹/𝐾)4

1920
)

−1

× (1 + (
(1 − 𝛽)2(𝛼)2

24(𝐹𝐾)1−𝛽
+

𝛼𝛽𝜐𝜌

4(𝐹𝐾)(1−𝛽)/2
+

(2 − 3𝜌2)𝜐2

24
) 𝑇) , 

 

Where: 

  

𝑧 =
𝜐𝑙𝑛𝐹

𝐾

𝛼
(𝐹𝐾)

1−𝛽

2 , 𝜒(𝑧) = 𝑙𝑛 (
√1−2𝜌𝑧+𝑧2+𝑧−𝜌

1−𝜌
) 

 
Given the initial value of the forward, F, the model is governed by 4 parameters, α, β, ν, ρ.  
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Disclaimer 

Copyright © 2019 Cboe Global Indices, LLC (“CGI”). All rights reserved.  Cboe®, Cboe Volatility 
Index®, VIX® and TYVIX® are registered trademarks, and Cboe Global Indices SM, Cboe Global 

MarketsSM, BuyWriteSM, PutWriteSM, SRVIXSM, SPXSM, and XSPSM are service marks of CGI and its 

affiliates (collectively “Cboe”).  Cboe trademarks may only be used with written permission, 

subject to Cboe’s trademark usage guidelines as published from time to time.  This document 
does not constitute an offer of services in jurisdictions where CGI does not have the necessary 

licenses.  Except for certain custom index calculation services, all information provided by CGI 

is impersonal and not tailored to the needs of any person, entity or group of persons.  CGI 

receives compensation in connection with licensing its indices to third parties and providing 

custom calculation services.  Past performance of an index is not an indication or guarantee of 

future results.  
 

It is not possible to invest directly in an index. Exposure to an asset class represented by an 

index may be available through investable instruments based on that index.  Cboe affiliate, 

Cboe Vest Financial LLC (“Vest”), is a U.S. registered investment adviser that manages 
investment funds, including funds based on Cboe indices.  Cboe does not sponsor, endorse, 

sell, promote or manage any investment fund or other investment vehicle that is offered by 

third parties and that seeks to provide an investment return based on the performance of any 

index.  There is no assurance by Cboe (including Vest) that any investment product based on 

any index will accurately track index performance or provide positive investment returns.  

Cboe affiliates other than Vest are not investment advisers, and they make no representation 
regarding the advisability of investing in any investment fund or other investment vehicle.  A 

decision to invest in any investment fund or other investment vehicle should not be made in 

reliance on any of the statements set forth in this document.  Prospective investors are advised 

to make an investment in any such fund or other vehicle only after carefully considering the 
risks associated with investing in such funds, as detailed in an offering memorandum or similar 

document that is prepared by or on behalf of the issuer of the investment fund or other 

investment product or vehicle.  Cboe (including Vest) is not a tax advisor.  A tax advisor should 

be consulted to evaluate the impact of any tax-exempt securities on portfolios and the tax 

consequences of making any particular investment decision. Inclusion of a security within an 

index is not a recommendation by Cboe to buy, sell, or hold such security, nor is it considered 
to be investment advice.  CGI calculates values of proprietary indices using information 

described in published index methodologies, and the information may include market data 

from exchanges owned and operated by Cboe, and/or estimated values where information is 

not representative or is unavailable.  
 

These materials have been prepared solely for informational purposes based upon information 

generally available to the public and from sources believed to be reliable.  No values or other 

content contained in these materials (including index data, ratings, credit-related analyses and 

data, research, valuations, models or any part thereof (“Content”) may be modified, reverse-
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engineered, reproduced or distributed in any form or by any means, or stored in a database or 
retrieval system, without the prior written permission of Cboe.  The Content shall not be used 

for any unlawful or unauthorized purposes.  Cboe and its third-party data providers and 

licensors (collectively “Cboe Parties”) do not guarantee the accuracy, completeness, 
timeliness or availability of the Content.  The Cboe Parties are not responsible for any errors or 

omissions, regardless of the cause, or for the results obtained from the use of the Content.  THE 

CONTENT IS PROVIDED “AS IS” WITHOUT WARRANTY OF ANY KIND, EITHER EXPRESS OR 

IMPLIED, INCLUDING, WITHOUT LIMITATION, ANY WARRANTY WITH RESPECT 
MERCHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE.  USERS OF CONTENT BEAR ALL 

RISKS OF LOSS.  IN NO EVENT SHALL THE CBOE PARTIES BE RESPONSIBLE OR LIABLE TO ANY 

PERSON OR ENTITY FOR ANY DAMAGES OF ANY KIND, INCLUDING, BUT NOT LIMITED TO 
DIRECT, INDIRECT, SPECIAL, INCIDENTAL, CONSEQUENTIAL, PUNITIVE, LOST PROFITS OR 

LOST OPPORTUNITIES, WHETHER OR NOT A CBOE PARTY HAS BEEN ADVISED OF THE 

POSSIBILITY OF SUCH DAMAGES, ARISING OUT OF DELAYS, ERRORS OR OMISSIONS IN 
CONTENT, USE OR INABILITY TO USE CONTENT, OR ANY OTHER REASON.  THE FOREGOING 

SHALL APPLY REGARDLESS OF WHETHER A CLAIM ARISES IN CONTRACT, TORT, NEGLIGENCE, 

STRICT LIABILITY, OR OTHERWISE.  

 
Cboe keeps certain activities of its various divisions and business units separate from each 

other in order to preserve the independence and objectivity of their respective activities.  As a 

result, certain divisions and business units of Cboe may have information that is not available 
to other business units.  CGI has established policies and procedures to maintain the 

confidentiality of certain non-public information received in connection with administration of 

indexes.  
 

In addition, Cboe provides a wide range of services to, or relating to, many organizations, 

including issuers of securities, investment advisers, broker-dealers, investment banks, other 

financial institutions and financial intermediaries, and accordingly may receive fees or other 

economic benefits from those organizations, including organizations whose securities or 

services they may recommend, rate, include in model portfolios, evaluate or otherwise 

address. 
 

 
 


